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Explosive amplification of an electromagnetic field in a magnetized flow
of accelerated-electron oscillators
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The possibility of the explosive amplification of electromagnetic field by an ensemble of harmonic oscilla-
tors (with arbitrary population of excited energy levels established. The amplification occurs if the fre-
quency of oscillators is chirped under the action of an external force. The analysis is given for the magnetized
flow of electron cyclotron oscillators that are accelerated by the quasistationary electric field along the quasi-
homogeneous magnetic field. It is shown analytically that in such a nonsteady flow the initial energy of
coherent oscillations of gyrating electrons can be efficiently converted into the energy of field as a result of
guasiadiabatic tuning of electromagnetic wave frequency té¢Dioppler-shifted electron gyrofrequency. The
optimal regime of the flow acceleration is found, in which the almost complete energy transfer occurs during
a few periods of plasma oscillations. The proposed mechanism of exploswexponentialamplification
principally differs from and can prevail over the known maser and parametric mechanisms of field amplifica-
tion.

PACS numbds): 41.75.Fr, 52.35-g

[. INTRODUCTION ent transfer of the energy of oscillators into the electromag-
netic field energy. The remarkable feature of the amplifica-
It is well known that, when the recoil effect is neglected, tion process ithe explosive (nonexponential) growththe
the necessary conditions for the amplification of electromagfield amplitude. The nontrivial fact, which was the main mo-
netic field by an ensemble of oscillators dfeinversion of tivation for the present paper, is the possibility to carry out
energy level population, an@i) nonequidistant spacing of this “explosive™ energy transfer during a very short time as
energy level§1—3]. In this case, due to the induced radiation c_ompared with cha_racteristic tim_es of all exponen.tial insta-
of nonlinear oscillators, the instability becomes possiblePilities (and relaxation processes a system “oscillators
leading to the simultaneous exponential growth of the highPIus field.” (The rate of the field growth is terminated by

frequency field and oscillation amplitudes. Besides the usuafi©lation of adiabaticity, i.e., by the linear coupling between

atomic masers and lasers, the typical example is the er?_lectronlc and electromagnetic degrees of freed8mild),

semble of electrons gyrating in the magnetic field. The non-c® below. To our knowledge, this important fact has not

equidistance of their energy leveltandau levels arises been studied so far, either in the general theory of oscilla-

L . tions and waves or in the applied electrodynamics of plasma
from the relativistic effect of velocity-dependent electron and electronic systems.

mass, and it is due ,tq th|s effect. tha_t the gy.rotron works It should be stressed that the explosive amplification is the
[4=7]. In the nonrelativistic approximation that is employed |inear effect in a nonsteady system, and has nothing to do
below, the cyclotron oscillators are harmonic, i.e., linear, andyiih explosive nonlinear interaction, well known in plasma
they can give rise only to the induced absorption of the f'e|dphysics and electronid,14). Besides, by considering only
independently of the presence of population inversion.  the quasiadiabatic acceleration of the electrtorsvariation
However, the conclusion that an ensemblehafmonic  of their gyrofrequency we exclude the evident possibility of
oscillators cannot amplify the electromagnetic field is notthe parametric amplification in the high-frequency external
applicable to the nonsteady situation, when, for example, théield that is used in the parametric electronic and optical
oscillators are accelerated by electric dc field or gravitationafenerators and free-electron lasgt8,15-2Q.
field, or the electron gyrofrequency changes in the nonsteady The influence of dc electric or inhomogeneous magnetic
(or inhomogeneoysnagnetic field. As will be shown below, fields on the interaction of electromagnetic perturbations
in this situation the amplification of electromagnetic field is with the cyclotron oscillator beam was studied before,
possible provided the initially coherent wave of phased elecmainly within the problem of maintaining wave-particle syn-
tron oscillations is somehow created in the oscillator enchronism in order to increase the efficiency of generators
semble, e.g., by a preliminary coherent pumping or as a rg21-23. The investigation was also made on a quasiadia-
sult of intrinsic instability. batic evolution of the steady state of electrons in a strong
The new mechanism of the field amplification takes placeslectromagnetic wave propagating along the magnetic field
in the case of quasiadiabatic tuning of the oscillator fre-and dc electric field, the latter being treated as a perturbation
guency to the frequency of the electromagnetic wave. In thi§24]. In these papers, the externally driven shift of the oscil-
case, the quasiadiabatic change of the ratio of electric fielthtor frequency was not treated self-consistently, and was
amplitude to current density amplitude in the nonstationaryconsidered a minor correction factor providing the better ef-
self-consistent wave can be possible, in which the relativelyiciency.
small frequency shift can lead to an almost complete coher- In the present paper we point out the linear nonstationary
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amplification mechanism that owes its very existence to the
accelerating electric dc field. The emphasis is made on the =
extremely high rate of the explosive amplification, inacces- -—
sible for the traditional mechanisms of the exponential am- By
plification. Mathematically, the analysis of the highest ampli-
fication rate is reduced to the problem of the optimal control
of the variable parameters in a system of linear differential >
equations. This problem is solved on the basis of approxi- v
mate analytical solutions, which give the complete physical
picture of the phenomenon.

The paper is organized as follows. The formulation of the
basic nonstationary problem and the hydrodynamical analy- ¥
sis of the cyclotron waves in the accelerated electron beam
are given in Sec. Il. In Sec. lll, the adiabatic solution is FIG. 1. NonstationaryX mode in one-dimensional flow of cy-
presented, and the general restrictions on the value of effelotron oscillators, accelerated in the paralig) B fields. An elec-
ciency and the factor of field amplification are formulated.tric field vectorE in the mode is rotating in the direction of elec-
Section IV is devoted to the case of a constant acceleratioions in an external magnetic fiel},.
of electrons. An exact nonadiabatic solution is derived; the
limiting rate of the explosive amplification, its delay time, Where v=rveet vei+ ven, w =47e’N/m,, wg=eBy/mc,
and the maximum amplification factor are found. In Sec. V,—€e andm are the charge and mass of the electron, atite
the general quasiadiabatic solution is found. The optimal revelocity of light in vacuum.
gime of variable electron acceleration, minimizing the delay We shall restrict ourselves to the case of the longitudinal
time of the explosive amplification to a few periods of propagation of a transverse circularly polarizéthode(Fig.
plasma oscillations, is pointed out. In Sec. VI, the compari-1) with the wave vectok|z°, the density of electron current
son with the known instabilities, first of all, the kinetic ones, j(z,t)L z°, and the electric field vectd(z,t)L 2° lying in the
is made and the amplification of an envelope of cyclotron(X,y) plane and rotating in the direction of electrons in an
waves is discussed. Some numerical estimates and the rexternal magnetic field:
quired parameters of an electron beam for the realistic con- ) s 2.2 5 1
ditions in the laboratory and space plasmas are given in Sec. 9°El9t°— cod°El9z°= —4mey ~djl dt, 2
VII. In the concluding Sec. VIII we discuss the general fea- _

_ 1/2 . e i
tures of the effect that are independent of the model of harco=C®o " - Assuming .thehomogenec.)us initial-value prob .
monic oscillators. lem, consider the quasimonochromatic plane wave, harmonic

in space and with slowly varying complex amplitud&(t):

<1t

ko
N

E(z,t)=(1/2) &(t)exp —iwt+ikz)+ c.c. 3
Il. GENERIC EXAMPLE OF THE CYCLOTRON
OSCILLATORS: THE HYDRODYNAMICAL ANALYSIS Here k=k,=Re(k) and the resonance condition will be
OF X-MODE DISPERSION used,|w— wg|<wg .
; . Y . Suppose that at the initial moment of timies 0, there
. As a generating problem we c';onS|der' the one- existed one spatial harmonic of the eigencyclotron wave of a
dimensional electron flow in quasistatic electric and magye,m that was excited by a coherent pumping, and this wave
netic fields, which is assumed for simplicity to be homoge-¢qsisted of 4strong spatial harmonic of the current density

neous and paralleEq(1)||Bo(t)[|2". The electron beam is also j and the correspondingveakl harmonic of the electric field
considered homogeneous, with time-independent denity, (3). The more general case of a wave envelope in a beam

= const, and the charge being compensated by a backgroutg, jnhomogeneous densithi(z), in the inhomogeneous
of heavy positive |on9§W|th packground dielectric constant external fieldsEy(z) and By(2), is discussed in the end of
&0). Their regular motion with respect to the electron beamgg. /| within spatiotemporal WKB approximati¢g5—27.

is unimportant for the mechanism of explosive amplification. Our aim is to prove the possibility of and to find out the
Therefore, the nonelectromagnetic methods of electron aGonditions for the explosive amplification of the self-

Ce'efa“‘?” are allowed, €.9., bY the light pressure or by th%onsistent amplitudes of the electric fietd(t) and the cy-
gravitational field accelerating ions as well. clotron current densityZ(t), the latter being introduced as

f lgc_)ns;]der the tg_mporal edvo)l(uuond of the ilectromagnethn Eq. (3). It will be shown below that the effect is linear and
ield in theextraordinary modgX mode near the resonance |, elativistic, and can be realized only out of the cyclotron

with electron gyrofrequencwg . Suppose that electrons are |; . ..
strongly magnetized and have a small dispersion of longitu-

dinal velocities, vy, and the electron-electronv{), ko +v<| S|<wg, 6=w—wg—kv,
electron-ion ¢.;), and electron-neutralif,,) collision fre-

guencies are also small as compared with the electron plasma v=v,(t)<Cc~Cop=wg/k=wlk. (4)
frequencyw, :

Therefore, we may use an approximate hydrodynamical de-
scription of the transverse current dengity—eNv, of elec-
kvq+v<o <wg, (1)  tron gyrooscillations in the beam:
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dj/dt=aj/t+v(t)djl 2= (w?/Am)E— wg(t)[j XBo/Bo]. w
5

Neglecting the relativistic effects and the nonlinear Lorentz
force from the high-frequency magnetic field of the wave, we
may use Eq(5) for arbitrary electron distribution over the
Landau levels, i.e., over the transver®haotically distrib-
uted velocitiesu, . From Eqgs.(2) and (5) within the reso-
nance approximatior§3) and (4), we obtain the truncated
equations for the “circular” combinations of the field and
current componentsy= &, —i ¢, and 7= 7,—i 7.

d&ldt—i 68 =—2meq [(wg+kv)lw] 7,

d 71dt—ié 7=(w?l4m)&. (6)

. FIG. 2. The cyclotron curvew (k) (thick solid line and the

Here Fhe factor g+ kv)/w=1, and a'9,”9 with the Doppler electromagnetic curve.(k) (thin solid line of the X mode for the

detuning from the cyclotron resonanéein Eq. (4), we in-  |ongitudinal propagationk(|By) in the flow of electrons with the

troduce the detuning from the electromagnetic resonance: same longitudinal velocity. The cyclotron line with strong wave
dissipation is hatched. Note that near the resonance the

8=(w?—K’ci—wleg2w=w—kcy;|8|<wg. (7)  cyclotron curve lies outside this line if [k—k|<§,

:wE/ZSO(CO—U)(krUT”+ v). The dashed line shows the limiting

In the steady state or for the instantaneous values of parangrowth rate.

eters, Eqs(6) give the dispersion equation and the relation

between the field and current amplitudes in a normal wave: W=| 2|6 o/16m+ | 72| mw/20?
£ is4m Q2w =[2e¢(3 lw)?+1](720?)| 72. (11)
-7 T T T T s )
7 oL 00

It is important that in the cyclotron wave. the electric

The solution of this well-known dispersion equation con-fleld amplitude is inversely proportional to the frequency

sists of two smooth curves shift A, and the field energy is small as compared with the

’ energy of phased gyrorotation of electrons if the shift is large

01 0K)= 0t kv+ A 12+ K 24t 02i2ey; enough|A > y2ey:
555—5=kco—kv—w5, 9 ((_5) :_IéciW:IZ_Z; (12)
7 c oL goA
lying above and below the line= wg+ kv that corresponds
to the partial cyclotron wave and the line - wf
w=(k?c3+ w?/eg)Y?=kc, that corresponds to thpartial e
0

electromagnetic wavesee Fig. 2. Depending on the sign of
the frequency shift between the partial electromagnetic a”ﬁence even at the fixed wave eneigiz= const, we can
cyclotron wavesA (k), it can be convenient to rename thegyongly increase the field amplitudé, with very slight

dispersion curveg9) by tearing them at the resonance point, change of the current amplitud@,. To achieve this, one
ki=wg/(Co—v), whereA =0: should diminish the frequency shift from the large initial

_ ~ _ value, |A o|> | \2/e,, to the value of the order of plasma
@cenf K)= 0p kv 10 ¢, en(K); (10 frequency,w, \2/ey, by changing the longitudinal velocity

- _ > o~ of electronsy (t), their gyrofrequencyvg(t), or the velocity
8 cem= (17 V1+20{/e0A 9)A /2. of light in the background mediuroy(t). According to Eq.
(12), the field amplification is of the explosive type, its rate

The resulting branches aformal cyclotron and normal  peing determined by the rate of frequency shifting, i.e., by
electromagnetic waveare shifted from the frequency of the e electron acceleration in our example:

partial cyclotron wave by the value greater than and smaller

thanw, /\/2¢, respectively. Therefore, according to the ra- dA /dt= —ka: (13)
tio 7 7 in Eq. (8), the normal cyclotron wavew.(k) is
mainly presented by oscillations of the cyclotron current, and a(t)=—(e/m)Eg,(t)=dv/dt.

not by the electromagnetic field. On the contrary, the normal

electromagnetic wave..(k) consists mainly of electromag- As shown schematically in Fig. 3, the mechanism of explo-
netic field oscillations. This follows directly from the elec- sive amplification is connected with the shift of nonstation-
trodynamical expression for the wave energy density in thery dispersion branches; ..(k,t) with respect to the given
system “beam+ field”: spatial harmonic of the fields = const. Step 1 corresponds
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FIG. 3. The scheme illustrating the evolution of dispersion
curves for the longtudinal||B,) acceleration of electrons from the
initial velocity vq to the velocityv, and then tov,. Thick (thin)
solid line is the cyclotron(electromagnetic branch. The arrows
correspond to: (1) explosive amplification of the electric field with
7. = const and (2) decrease of the cyclotron current vifith=
const, when only the cyclotron wave with frequenoyo(ko) is
initially present, (1) explosive amplification of the cyclotron cur-
rent with &, = const and (2) decrease of the electric field with
Tem =

wenb(ko) is initially present.

to the field amplification. At step’lthe field remains prac-
tically unchanged, while the cyclotron current is amplified.

IIl. ADIABATIC SOLUTION: EFFICIENCY AND THE
MAXIMUM FACTOR OF THE EXPLOSIVE
AMPLIFICATION

Now we turn from the qualitative considerations to the

const, when only the electromagnetic wave with frequency
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The prime denotes differentiating over the dimensionless
time 4. Equation(16) provides the energy conservatifaf.
Eq. (11)]: W=|f2|+|g?| = const. For the fixed wave num-

berk, the field-to-current rati¢8) in two normal waves9) is
determined by the frequency shijt

f (o V2eq) & i
g 4 //Z K1,2

KA 0)=qFJg*+1.

Following Ref.[13], the general solution of Eq&l6) can be
expressed via new amplitudes:

T B S [
9) Vi+kZT[-iKy J1rkZT [ -iKy)

In the WKB approximation, only the phases of the ampli-
tudes of normal waves may vary:

F1d6)= Fl,Z(O)exp( “i J:\/amd(g')

. (20

t
EFl,z(O)eXp( *i J VA?/4+ w?[2sod T
0

Consider the normal cyclotron wave, which has, by defi-
nition, |K |=|q¥ JVo?+1|=1, i.e., either(i) K.=K, for
g=<0, or(ii) K;=K, for g=0. Suppose we have the second
case, and there initially exists only the cyclotron wave
[F1(0)=0F,(0)#0] with large positive value:
g(0)=ge>1. In this case, the slow adiabatic decrease of the
shift (17) (by the acceleration of electrons aloBg) leads to
the displacement along the cyclotron braneh= w,(k,t)
(step 1 in Fig. 3, i.e., to the explosive amplification of the

rigorous solution of the above-formulated problem. First, wefield:

eliminate the arbitrariness in the choice of the frequendy
Egs. (6) by redefining the complex amplitudes of electric
field £ and cyclotron current/:

Veol16m(Z,—i7,) i [t
} X ex EJOA(T)dT ,

V2o X 7= 7,)

(14
where the current and field amplitudes are defined using th
Doppler-shifted frequencywg+ kv

(1)

X{%t)

+cC.C.

f
g

E

]

J

1

T2

]Xex[{—if;[wB(T)+kU(T)]dT+ikZ
(15

[cf. Eq.(3)]. Equationg6) now take the dimensionless form

f'+iqf=—g,

g —iqg=f, (16)

1

|F2(0)] _ [F2(0)] .
A(t)

Ji+K2 2q(6)

The amplification terminates gt~ 1; cf. Eq.(12). With fur-

ther acceleration, we go smoothly through the resonance
where the shifg(6) changes sign and becomes negative and
large. This domain corresponds to the electromagnetic
téranch,wzz wem, Where the field amplitude cannot increase
significantly due td(%sl in the solution of(19) and(20).

A similar situation takes place in the caggfor the large
negative initial shift,—qy>1. The difference is that, when
starting from the initial cyclotron wave [F;(0)
#0,F,(0)=0], the explosive amplification is obtained dur-
ing the counter displacement along the braagh w,(k,t)
if the electron acceleration is directed oppo&ita(step 2 in
Fig. 3.

Anyway, to obtain the explosive field amplification, the
sign of the projection of electron accelerati@r decelera-
tion) on the wave vectorka, should coincide with the sign

of the initial frequency shiftKoz kcg—kvo— wg; see Fig. 3.

()= (21)

where we introduce the normalized frequency shift, which isg, k11B, (codirected vectojsin Fig. 1, this amounts to

a time-dependent function:

q(0)=Rw; Weol2; O=tw, [\ 2z, 17

choosing(i) EqT 1Bg for k<<k, and (ii) Eq| 1Bg (counterdi-
rected vectonsfor k>k, . Under these conditions, the small
change in the frequency of the electromagnetic field
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will be accompanied by the growth of its amplitude due toln the last inequality we take,=0 and the minimally pos-
energy transfer from the electrons located in the deceleratingible initial shift,|A o|~ 2w, \/ﬁ which still allows for the
phase of the field. This can be easily checked by averagingignificant explosive amplification of the electromagnetic
(over the random initial phases of gyrating electjottee  field. Thus, even with nonlinear limitatio(26) taken into
work done by the self-consistent field of a cyclotron wave: account in the inequality28), the above-defined amplifica-
tion efficiency may be much greater than unity. This does not
t . .
Aiz—e< J' (vxEx+vyEy)dT> qreate confusion be_cause _the work done by the. dc_: electric
0 field does not turn directly into the electromagnetic field en-
= o = ergy. It is the initially stored energy of the coherent electron
=(eo/8m)[|# (0)|°—|# (1)|“]<0. (22)  oscillations in a cyclotron wave that is transformed into the
field energy. And, of course, the transformation factor of this

In the adiabatic approximation, the growth of tplo- stored initial energy cannot be greater than unity.

sive amplification factar

g'outj B (1+ Kg)_llz IV. LINEAR WAVE COUPLING IN THE CASE

|;.; | = i+ Kz)lln/z, (23 OF A CONSTANT ELECTRON ACCELERATION
> in c/out

K

_ o _ The most interesting problem is the limiting rate of explo-
terminates when the vicinity of resonance is reached, whersive amplification, since it is the unexpectedly high rate of

|doud =1. The maximum is the process that makes the effect nontrivial. To find the limits
~ to the adiabatic approximatiof20), i.e., the conditions for
Km=2|do| = |A o] oo/ L . (24 \veak linear transformation of the normal wav@s, we can

treat Eqs(19) as the introduction of new variables, and write

Thus, it is desirable 1o increase th? initial sHifto| and to .down the coupled equations for these complex amplitudes of
decrease the plasma frequency, i.e., the electron densn%e normal wave$13]:

However, at the fixed value of acceleration, this would pro-
long the time of the amplification process. Second, with de- 'E

. L D qr;
creasing plasma frequency the allowable values of electron Fit+ivq +1F1=m,
acceleratiof Egs. (33), (40)] are also decreased. Third, an q
initial shift is bounded from above by the relaxation in the 'E
cyclotron line,|A Q| 5&)5[280(.1/4' wgVT| Ico)]™L; see the in- Fi—iVo2+ 1F,= — _qz; (29)
equality(4) and Fig. 2. Even in the ideal case of the absence 2(9°+1)

of electron relaxation, the resonance approximation requirelst:, | that the t ‘ iR s F hich terminat
that|A o| < wg/2. Therefore, we always have IS clear that the transiormatian <, WHICh terminates

the explosive amplification of the field, increases with grow-
Vo oL og ing value of the derivative)' =zqw_ *dA /dt=—gq0 *ka,
Km< Kp== 2 \eg(vtwgumicy) o) (25 and becomes most important near the resonance, where
0 BuT| 0 L |g|~1. Therefore, we should analyze the transition from the

Besides, one can show that the nonlinear bunching oflomain|qy/>1 to the domairjgo,{<1. _
electrons due to the magnetic field of tHemode does not ~ The solutions to Eqs(29) are expressed via the Weber
violate the conditiodgg |2|goA~ o/, which we use to con-functions[12] in the case of a constant electron acceleration
nect the initial (G= in) and final(out) amplitudes, only ifthe (13, Eo = const, whenq(6)=(6—0,.)q’. The resulting
initial shift is small enough: transformation facto@ of the normal cyclotron wave to the
normal electromagnetic on@o0),

|A | (0 2wg)°B2
= ——<Kg=

WL 4’7TWO

Km

(26 Fouz o2
Q= TEmZ = [Fouzy [Fom?

(30

Here we takdA = w, at the final timed,,; andey=1 for
simplicity, and also introduce the initial energy density of ais shown in Fig. 4 for|gi,|—®, |goul—0. The adiabatic

cyclotron wave, approximation fails atq’|=2:
Z X 12 (|2
g0 oA o‘ & oul q'\?
Wo=m e | yp (27) Q:(Z <1 for |g'|<2,
Define the maximum efficiency as a ratio of the maxi- 1 o\ 12
mum energy density of the electromagnetic fiald,/2, Qz__<_,) for |q'|>2. (31)
reached near the resonance after the explosive amplification, 2 \8lq'|
to the work required for the acceleration of electrons per unitFOr large|q’| the explosive amplification is practically ab
volume,NA;=Nm(v2,—v2)/2: : : °
Al (vou—vo) sent. The same result can be obtained, according to Refs.
W IINREYY 2 [8,9], from the solution to Eqs29) in the case of not only
= = (@e/A o) 0 < Sow}f:B . (28) —Qin— ¥, but alsoge,— F*, when we go through the
2NAy Nm(% 8/A o resonance along the electromagnetic wave curve; see Fig. 3.
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Ao |codo ~
Q ~ 0 | OTO At
== ooal =180 (36
0.5 The last inequality excludes too high electron acceleration,

which forbids the explosive amplification effect from the
very beginning, for the given initial frequency shﬁto.

The characteristic timef the explosive amplification pro-
cess near the saturation level can be defined by the equality
2| (tg— 1)=& (tg)|, which gives the value

T T
0 2 4 6 Vv8/|dl - ~
thd/KdzAd/ka2|Ad | (37)
FIG. 4. The transformation factd® [Eq. (30)] of the normal . e . . .
cyclotron wave to the normal electromagnetic wave as a function of The optlma_ll amplification reglme_ is evidently reached for
\V8l|q'| = V8cow?leqws|al, for a = const. Initially there exists the acceleraﬂoq 9qua| fo the (.:m.lca.l val(@g). It corre-
one normal cycloton wave far from the resonance sponds to the minimal characteristic tirf8) of the order of
(18 o|> w,\2eg). the period of plasma oscillations(a.)~ Veo/w, . It does
not make sense to shorten this time by choosiga,,,

In this case it is useful to express the solution as a transfoigince it gives the explosive fact@5) much smaller than the

mation factor from one of the dispersion curvés), limiting value (24): kq<«,,. Note also that in the case =
wy K1), to another: const one can achieve a large explosive factgs; 1, only if
’ the durationty= k47 of the preliminary stage of the process
Qy1=|FM2/|FP 2= exp(— =/|q’]). (32)  9reatly exceeds the period of plasma oscillations. This is an

undesirable feature because of the existence of competing
Thus, the results of Sec. Il are valid only until the elec- relaxation processes and wave instabilities. As will be shown

tron acceleration is less than in the next section, the delay time can be reduced by increas-
ing the electron acceleration at the preliminary stage of the
L wa ZCwa - amplification and keeping the valze- a., at the final stage.
o= LT

o 80k h Eowp ’
V. TIME-VARIABLE ELECTRON ACCELERATION AND

This critical value corresponds t@=1/4. For the time- THE IMPROVED QUASIADIABATIC SOLUTION

variable acceleration the requirement takes the form |, his section we study the possibility to reduce the delay
|a(t)|<a2u. If the inequality is violated, i.eq'[>2 (but  time by employing time-variable and high enough accelera-
la’|<2qp), the adiabatic explosive solutiof2l) is valid tion, |a(t)|=a,,. The acceleration does not change sign dur-
only far enough from the resonance, where the frequencyhg the amplification process, while the shift7) q(6) in
shift is larger than the critical value, Egs.(16) and(29) changes monotonously from a large value,
|go/>1 att=0, to a small value|qq|=1 at somet=ty.

|A 5| =|ka] 1/22|w|3a/¢o|1/2, Starting again from one normal cyclotron wave, we have to
find the evolution of the ratio of the electric field to the
A > 20,64 2. (34)  cyclotron currentH=if/g. It obeys the equation of the Ric-
cati type:
For lower shifts,|A |<]|A 4|, the field growth is terminated .
because a too high acceleration quickly brings the electrons H'=i(H=Hc)(H+1H.),
out of the decelerating phase of the electromagnetic field. H.=(if/g).=q(1—1+q 2), (39)

Combining these results with the expressid24) and
(24), we obtain the maximum amplification factots>1,  whereH, is the adiabatic value dfi in a normal cyclotron
and the minimal shift|A 4| <|A |, which correspond to the wave, defined by Eq(18).
saturation of the field growth for a given constant accelera- We are interested in the quasiadiabatic solution to Eq.

tion (or decelerationa: (38) with small deviation fromH.. Therefore, we may put
_ approximatelyH=H, in the last multiplier in the right-hand
A, - wgla| |2 side of Eq.(38) and obtain immediately the general solution
Kq= Ard, |A 4= ot 02leg (35 for an arbitrary functiorg=q(6):
4
In addition to the limitationg25) and (26), it is clear that H—ch—exr{ —2iJ q~/1+q7d6)
always k4< (B /Eqveq) 2 0
It is convenient to introduce the delay ting, character- 0 o
izing the growth of the field from the small initial value, ><J Héexp( 2iJ’ q\/1+qzd6")d0’.
Zol=2m| Folleo|Aol, to the maximum value, 0 0

|Z ol = kal & ol: (39
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Here we do not consider the discontinuity of the function 1
H.(g) at the resonance point=0, and assume thaf( 6) is

of fixed sign[q(#) <0 orq(#)>0]. It suffices for describing
the main features of the explosive amplification.

Integration by parts shows that the correcti@9) is neg-
ligible as compared wittd.. if |q’|<2(q?+ 1), i.e., for any
functiona(t) that is smooth enough and satisfies the inequal-
ity

[ka(t)|<|A(t)|2+ 2w/ eq. (40) 0.

Thus, we obtain the minimally possible delay time if for
each instantaneous value of frequency  shift,
|A(t)|=w_ \2/eo, we choose the acceleration equal to the
corresponding instantaneous critical valag,(t); cf. Eq.

(33) for |Z(td)|5w|_‘/2/80. This optimal choice of the elec- FIG. 5. Explosive amplification of a normalized electric field
tron acceleration can be described qualitatively by the modedmplitudeH=if/g [see Eqs(14)-(17)] for the optimal electron
relation acceleratior(41), and the corresponding frequency shijftd) (dot-
dashed ling solid line is the absolute value of the solution to the
wq'=—(g%+1) sgn(qo), (419  Riccati equation38), |H(6)|; dashed line is the absolute value of
the adiabatic solutionH.(6)|. The solutions are plotted for the
that is, value of ©=0.5 and for the initial conditiong(0)=0qy= 10,

H(0)=H_,(0) corresponding to one normal cyclotron wave.
2

ka()=| HE 2+ 2
k()= SIRO P+

Sgn(Ap). (41b In general, one can vary the value of acceleration more
slowly: Gq'=—2(q?+1)%%sgn(,), where G=1. In this

Here the model parametgr=1, so that close to the reso- €ase the difference from the adiabatic solution is bounded by

nance we havéa(ty)|=a.. For u=1/2, we obtain the re- 2 small model paramet& ~*, since, according to the exact

sult (34) that denotes the limit for the adiabatic approxima-Selution of Egs.(29), the transformation factof30) of the
tion. cyclotron wave into the electromagnetic one is much less

The exact solution to Eq414), with the initial condition ~ than unity:

t ti 0)=qg, i
at zero timeg(0)=0qq, is Qou=(G?+1) ~sir?{\/G?+ 1[ arctari g
q=tar{arctarido) — 6/ ], (423 —arctarigo) ]/2}. “4

or, in terms of the real time antthe optimal acceleration
Of course, the above conclusion is valid if the function

wf g(6) does not change sign and, therefore, the discontinuity
kagy(t)= — . of the dispersion branches; .,{k) does not matter.
" soucosarctanAow, 'Veo/2) — w t/uy2¢0] For large shifts,|q|=2, the functiong,,=q(6) in Eq.
(42b (44) takes the following form:
It shows that, contrary to the case of a constant acceleration 2 12
(36), the delay time for the optimal variant, |al=(do"—4G"76)"*% (453
ta~ur(an) ~psloL, w=l, 43 ie,

can be reduced to the sevetaf orderu) periods of plasma 202 [ 202 4oyt | P
oscillations, while the amplification factor is remained to be |ka(t)|= e =~ =|kay|. (45b
maximally possible, of the order ¢24). Note that the opti- 021 e0Ag  Gy2seo

mal acceleratiori42b) decreases from the large initial value
to the critical valug(33). Evidently, even this rather smooth variation of electron ac-
In the optimal variant(42a, the Riccati equatior(38) celeration shortens the delay time of explosive amplification
cannot be solved analytically even fog|>1, when |Z| up to _several(of order _G) periods of plasm_a oscilla;ipns_,
x(const-t) 1 andaoptoc(const—t)‘z. The numerical solu- Providing at the same time 'Fhe hlghest possmle.amphﬂcatlon
tion is presented in Fig. 5 along with the quasiadiabatic sofactor (24). Note that both in optima(42b) and in slower
lution (39), for the casex=0.5. The difference between (453 and(45b) regimes, the acceleration of electrofis)
curves|H(6)| and|H.(6)| becomes smaller with increasing decreases from large initial values, correspondingly,
parameteru. These curves demonstrate that the coheren®(0)=A §/[2uksgn(d )] and a(o)zAg\/Z_in/(ZkaL)r to
cyclotron oscillations of gyrating electrons can be nearlythe critical value(33), a(ty)=2w?/[eck sgn@ ¢)]. The tem-
completely transformed into the resonant electromagnetiporal dependence of this decrease is of hyperbolic type, i.e.,
field as a result of explosive amplification. opposite to the explosive growth of the field.
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Now we can define more precisely than in He) the N EES
condition for the electron collisions and collisionlefs- Kd:w_S 7 la|=ag,
netic) relaxation to be negligible in the optimal varigAd2h): L@

1/2 1/2

4a
, |aj=a,. (48

acr

A2
(kom+v)ta=1, (463 = | 2082 C

NUL

wBa

or For the critical accelerationi33), the amplification factor
cannot be much larger tharu, .

vT| vo_ oL b The above restriction is valid in the case of a nonzero

T+ wB\/8—0~ cowg (46b) dispersion of longitudinal electron velocities;, because

this dispersion does not affect significantly the maser insta-
This restriction is %, times weaker than the first inequality

bility, though it suppresses the cyclotron instability for
in Eq. (4) that was used, e.g., in ER5). According to the

vy luy =(u, /€)% /wg\2)Y2 The dispersion of trans-
inequalities(46a and (46b) if we violate the first inequality verse electron velocities suppresses the maser instability,
in Eq. (4), i.e., start with the harmonic electron oscillations

while the explosive amplification does not depend on the
0 . ) . transverse velocity distribution. The cyclotron instability in
place_d |n_5|de t_he cyclotron linesee F|g._2 the_ exploswe this case takes the form of the Weibel instabili3p—32 that
amplification still takes place. However, in fact it will be less has the growth rate not exceeding the vald@ and also
pronounced, leading to the lower value of the amplification 9 9

factor k, [see Eq.25)] since the field growth will be sup-

cannot affect the explosive amplification.
pressed until the frequency of the normal cyclotron wave If the electron beam has a nonzero veloaiywith re-
shifts out of the cyclotron line.

spect to ions, the Buneman instability of longitudinal plasma
waves may develof7,32]. The maximum growth rate of the
instability is reached for the plasma wave numbers

VI. RESTRICTIONS ON THE EXPLOSIVE kj~w_ /v| and is equal to
AMPLIFICATION RATE FROM THE INSTABILITY
PROCESSES AND SPATIAL INHOMOGENEITY V3 [ m )\
=51\ o] @L (49)

In addition to the electron relaxation processes, the explo-
sive amplification phenomenon can be affected by various .

Lt i . .~ WhereM is ion mass. Due to the presence of a small param-
(kinetic) instabilities, well pronounced in the monoenergenceter m/2M)2 i Eq. (49) [cf. Eq. (47)], the Buneman
(helical) electron flow[4—7,28—32. For the estimations, we .~ ' % ’ Q. - EQ. ’ . .
will neglect the nonadiabatic effects, substituting the instanmStablllty also cannot compete with the explosive amplifica-
taneous (nonrelativistig values of electron longitudinal t|or|1\iow we turn to the restriction on the width of the tempo-
(IBg) velocity v and transversérms) velocity u, into the ral. Aw, and spatial Ak, spectrum ofa cyclotron wave enFi
known expressions for the instability growth rates. This is, &~ & P » SP L CY .
possible, at least, for the mode, since its dynamics is al- velope This would allow one to consider the explosive am-
most adiabatic in’ the regime of, efficient explosive amplifi- plification of field in the nonstationarywith the temporal
cation. We also puto=1 for simplicity scaleT=|A|/|dA /dt]) and inhomogeneouavith the spatial

Thé maximum gr%wth ratesy,., of .the most important scalel) electron beam and external quasistatic fieksand

m:»

maser(relativistio and magnetigcyclotron instabilities are BO: The frequency bandwidthw of a well-defined enveI(_)pe
reached ati, /c=w, /wg for the wave numbers far from the EVidently cannot be less thanTl/but at the same time
resonance conditiotsee Fig. 2 [7,30]: should not exceed the frequency interval of cyclotron waves

(10), where their amplification factor is approximately con-
stant (k=|A |\Veo/w.):

Ym=w U, [c2; U, <cC. (47)
. - . 1 1 w? ~
For the resonant wave numbers, these instabilities partially —= fsAws > <|68 . (50
cancel each other, lowering the total growth rate of a normal d (280)7“A

cyclotron wave(10) [4,7]. For the small transverse veloci- ] _ _
ties,u, /c<w /wg, the growth rate is also lower thad?) _Let us estimate the valugk, i.e., the allowable longitu-
due to collective electron effects. Thus, the rise time of thefinal spread of an envelope Al{. Consider the most inter-
above instabilities is at least/4u, times longer than the ©Sting case, when the average velocity of an electron beam,
period of plasma oscillations. Therefore, with the optimalvb. 1S less than the typical group velocity of cyclotron
choice of the acceleration regime, these instabilities cannd¥aves.v.=dw./dk, along the magnetic field:

compete with the explosive amplification process, because

the latter develops much faster: its characteristic ti8#® is _ 1
<y, . This is true even for the constant acceleration, if U= 3
the latter is strong enoughi, v’/ wg<|a|<a,,. For the ar-

bitrary constant acceleration, the explosive amplificationThen the propagation path of a bealp=t4v,, does not
dominates providedy=x47<7y,". This inequality places exceed that of a wave enveloge=tqv., during the delay
the restriction on the maximum amplification fact85): timety:

5,
3

Uo+ <C0/2. (51)

Cow|_
< ~
=Uc Ub+ &.2~

€0
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2 2
cow
) ot , a=const
taCowi 2eqwg|A oa w 1
lp=l.= = = (52
2g0A MCow a=a (1)
2\/8_0A Sy op Wiy

The explosive amplification process now depends on the fi- “s
nite scales of inhomogeneity of a beam and external fields,

L, and of an envelope, Ak, but this dependence does not
eliminate the phenomenon itself. The analysis can be carried “%o
out by means o$patiotemporal geometric opti¢@5-27, if

the following inequalities are satisfied:

WL 0 sz ]CIC kUC ke

1<1<Ak<— 53
rSpsAksoe (53

They are consistent with the inequaliti€s0) due to the

relation Aw~v Ak. The last inequality in(53) takes into 7
account the characteristiplasma dispersion scale of two w (b) '/ keg
curves(9) of the X-mode(Fig. 2). It allows one to introduce i ki

correctly the spectral notion of a cyclotron wave envelope. ,
Such a quasimonochromatic wave envelope is well defined
both in space-timezt), where its ray path is defined by the
group velocitydw, ,/ 9k, and in phase spacé&,w), where it

can be described by a point moving along the local disper-
sion curve. As a result, the inhomogeneous and nonstationary wp,
problem is reduced to the purely nonstationary problem. The
latter has been already solved for the homogeneous and
boundless plane wave. We can use the obtained results after
the substitution of local parameters of electron beam and
external fields along the ray path of a wave envelope.

~ Thus, the decreas€l3) of a local frequency shift, FIG. 6. Variants of the adiabatic displacement of a wave enve-
A (Z’t)_’ along th_e er_lvelope pat=z.(1), necessary fo_r_the lope along the variable cyclotrofthick line) and electromagnetic
explosive amplification, and the corresponding sufficientlynin jine) dispersion branches of thé mode in the electron flow
strong “acceleration,”a(t)= — k™ 'dA (z,(t),t)/dt, can be moving along the inhomogeneous magnetic field with a constant
provided not only by time variability, but also by inhomoge- velocity o (cf. Fig. 3. The casega) and (b) correspond to the
neity of external conditionde.g., of the magnetic field magnetic field increasing and decreasing along the path of an enve-
By(z)]. This provides an additional opportunity for the opti- lope. Steps 1 correspond to explosive amplification of electromag-
mal control of the amplification process. The schematic exnetic field in the envelope of the cyclotron waves. At the steps 2 the
amples are presented and explained in Fig. 6, where a posnvelopes are transformed into that of the electromagnetic waves
sible drift of wave numbers is taken into account along withwith nearly constant electromagnetic field.

a frequency drift shown earlier in Fig. 3.

It is relevant here to point out the relation of the aboveu, =10 °c. Consider two typical values of dc electric field,
nonstationary problem with the well-known problem on theEy=10 2E§" and Ej=E{, corresponding to the accelera-
escape of th& mode from a steady-state magnetized plasmaionsa’ =10 2%a,, anda”=a,,. According to Eqs(48) and
[33-34. Both problems deal with the transformation of a (33), these values provide large enough amplification factors,
partial cyclotron wave into a partial electromagnetic wave.x’ =10’ and "= 10%, with corresponding initial frequency
Due to the stationary formulation of the problem, the explo-shifts |A 5| = 10?w, and|A §|=3X 10*w, . The critical ac-
sive amplification effect was not revealed there. Of coursegelerating field is defined by
the effect of explosive amplification also cannot provide the

0

(1.}]_3l

koc kic koc ke

penetration of a wave envelope through the cyclotron reso- ma, 8mNmc& 2x10°N
_ Ed= = = , 54
nance 0="g 78, B, (59
VII. ESTIMATIONS AND LIMITS FOR THE REALISTIC and all estimations are given in cgs units.
CONDITIONS

The initial energy densityV, of a cyclotron wave is as-
In this section we give the numerical estimates of explo-Sumed to be small enough,
sive amplification parameters, assumisyg=1, small initial ~
itudi i A K& o2 (o /2wg)°B3 B3
longitudinal velocity of a beanjp o| <cg|A ¢|/wg, and trans- Woe 10l 1@fe®s) Po 0
verse (rms) electron velocity less than or of the order of 0 A A7k ~ 47 (8k%)?’

(59
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according to Eq(26). Choose the plasma frequency to haveimposed on the dispersion of the longitudinal electron veloc-
the highest possible value, ity vy, and reduce the delay timéey=|A o|co/(wga), the
final velocity, vq=co|A ¢|//wg, and the length of a beam,
l,=tgug/2, at the expense of the amplification factor,
k=|A |l w .

o"=wgl2c"", ie., N'"=2x10B,/k'")?, (56)

in order to satisfy the first inequality in Eq4) with

6 o= —w2l(2e0A o)~ w Ik, and also to obtain the maximum
final field amplitude,|& 4, ~Bo/30k2, in accordance with
Egs.(27) and(55). Such an amplitude is reached close to the
cyclotron resonance|,&0ut(td)|5w,_, after the delay time In conclusion, we have proved the possibility of the ex-

ty~c/2a (namely, t;=100«'/2w, and ty'= \/§K~/2w|’_), plosive amplification of a coherent electromagnetic field at
when the electron beam achieves a moderately relativistithe expense of the wave energy of phagesherent cyclo-

velocity vy=Co|A o|/wg~c/2 and propagates the distancetron oscillations of electrons, accelerated along the external
|,~c%4a of the order of the propagation patt62), Mmagnetic field. The amplification develops due to the rapid
l.=tqu., of a wave envelope. quasiadiabatic change of the ratio of electron to field energy

The above delay times are in both cags®) of the order in a self-consistent cyclotron wave close to the cyclotron
of one thousand periods of plasma oscillations. Note that foresonance, when th&€Doppler-shifted electron gyrofre-
the parameteré56), the value(54) of EJ' is By/2«? and the  quency is tuned to the partial frequency of the electromag-
critical acceleraton(33) is a,=cwg/2k?. Therefore, the netic wave. Due to the energy conservation, the amplification
value ofa’ unexpectedly turns out to be 100 times largerof a field amplitude is accompanied by the decreasing of an
than a”. Note also that for the explosive amplification amplitude of a coherent transverse current. In this aspect, the
mechanism the accelerating dc electric field can be replacgaroposed nonstationary mechanism of the explosive amplifi-
by the time-variable gyrofrequency cation principally differs from the known mechanism of the

exponential amplification in, e.g., maser or cyclotron insta-

a—Cowg 'dwg/dt, i.e., Eg—wg dBy/dt.  (57)  bility, when the field and current amplitudes are growing

simultaneously, at the expense of initial energy of incoherent
This “time variability” may be also due to the inhomogene- oscillations in a system of nonlinear oscillators.
ity of a steady magnetic field along the beam propagation Note also that the proposed mechanism of field amplifi-
path. In this case _the “acceleratiom’ is d_ete_rmined by the cation does not require the existence of any other wave
local inhomogeneity scale of a magnetic fieldy, and by  (waveguide or resonator eigenmode, the normal wave of a
the variable wave velocity . : background plasma, etfl,37]) that would be in resonance
with the preliminary excited cyclotron wave of a beam. In
our case, it is the electric field of the initial cyclotron wave of
a beam that is efficiently amplified. Therefore, the situation
is different from that usually discussed in electronics, in
which the transfer of energy of electron oscillations to the
electromagnetic field energy occurs as a result of interaction
between the normal wave of a beam and some other electro-
magnetic mode.

It is evident that the explosive amplification effect is com-
mon for an ensemble of arbitrary harmonic oscillators, not
only of the cyclotron ones. The required shift of the oscilla-
(59 tor frequency with respect to the frequency of electromag-

netic wave can be related not only with the Doppler effect in

accelerating fields, but also with other external forces that
, o 1 , , directly change the frequency of motionless oscillators, like
w[=10° 57!, t4~0.5 us, 1;~40 m. in Zeeman or Stark effects. For the applications, it is impor-
tant that, due to the resonant nature of the phenomenon, the
strong amplification originates from a very small shift of the
oscillation frequency. Moreover, we have shown that the re-

VIIl. CONCLUSIONS

Lg=Bo|dBy/dZ t=v.co/a. (58

Now we list the numerical estimations in two ca$ésé)
for the magnetic fieldB,=10°G, attainable in laboratory
plasma and typical for astrophysical situations, with maxi-
mum initial shift|A ;| ~ wg/2=10'%s"1 and the wavelength
A=2mclwg=0.1 cm. ForE{=5%x10""By=15 V cm ! we
have

vy =3X10°%, N'=2x10 cm3,

W)= oul24m~0.1 erg cm®,

For Ep=5x10 °By=0.15 V cm ! we obtain

v7=3x10 °c, N"=2x10° cm 3, quired frequency shift can be carried out so rapidly that the

(60 explosive amplification rate greatly exceeds the rates of the

~ known mechanisms of the field amplification. This can lead

Wo=& o*/4m~10"° ergcm®, to new physical effects that have not been widely discussed
before.

o/=10F s, tj~90 us, Ip~7 km. At the same time, it should be emphasized that the explo-

sive amplification can be most effectively employed only at
Thus, the conditions for the explosive amplification seenthe final stage of the generation of a high-intensity electro-
to be quite attainable. Moreover, we can relax the restrictionshagnetic field, when the coherent wave of phased electron



5348 BELYANIN, KOCHAROVSKY, AND KOCHAROVSKY 53
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