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The possibility of the explosive amplification of electromagnetic field by an ensemble of harmonic oscilla-
tors ~with arbitrary population of excited energy levels! is established. The amplification occurs if the fre-
quency of oscillators is chirped under the action of an external force. The analysis is given for the magnetized
flow of electron cyclotron oscillators that are accelerated by the quasistationary electric field along the quasi-
homogeneous magnetic field. It is shown analytically that in such a nonsteady flow the initial energy of
coherent oscillations of gyrating electrons can be efficiently converted into the energy of field as a result of
quasiadiabatic tuning of electromagnetic wave frequency to the~Doppler-shifted! electron gyrofrequency. The
optimal regime of the flow acceleration is found, in which the almost complete energy transfer occurs during
a few periods of plasma oscillations. The proposed mechanism of explosive~nonexponential! amplification
principally differs from and can prevail over the known maser and parametric mechanisms of field amplifica-
tion.

PACS number~s!: 41.75.Fr, 52.35.2g

I. INTRODUCTION

It is well known that, when the recoil effect is neglected,
the necessary conditions for the amplification of electromag-
netic field by an ensemble of oscillators are~i! inversion of
energy level population, and~ii ! nonequidistant spacing of
energy levels@1–3#. In this case, due to the induced radiation
of nonlinear oscillators, the instability becomes possible,
leading to the simultaneous exponential growth of the high-
frequency field and oscillation amplitudes. Besides the usual
atomic masers and lasers, the typical example is the en-
semble of electrons gyrating in the magnetic field. The non-
equidistance of their energy levels~Landau levels! arises
from the relativistic effect of velocity-dependent electron
mass, and it is due to this effect that the gyrotron works
@4–7#. In the nonrelativistic approximation that is employed
below, the cyclotron oscillators are harmonic, i.e., linear, and
they can give rise only to the induced absorption of the field,
independently of the presence of population inversion.

However, the conclusion that an ensemble ofharmonic
oscillators cannot amplify the electromagnetic field is not
applicable to the nonsteady situation, when, for example, the
oscillators are accelerated by electric dc field or gravitational
field, or the electron gyrofrequency changes in the nonsteady
~or inhomogeneous! magnetic field. As will be shown below,
in this situation the amplification of electromagnetic field is
possible provided the initially coherent wave of phased elec-
tron oscillations is somehow created in the oscillator en-
semble, e.g., by a preliminary coherent pumping or as a re-
sult of intrinsic instability.

The new mechanism of the field amplification takes place
in the case of quasiadiabatic tuning of the oscillator fre-
quency to the frequency of the electromagnetic wave. In this
case, the quasiadiabatic change of the ratio of electric field
amplitude to current density amplitude in the nonstationary
self-consistent wave can be possible, in which the relatively
small frequency shift can lead to an almost complete coher-

ent transfer of the energy of oscillators into the electromag-
netic field energy. The remarkable feature of the amplifica-
tion process isthe explosive (nonexponential) growthof the
field amplitude. The nontrivial fact, which was the main mo-
tivation for the present paper, is the possibility to carry out
this ‘‘explosive’’ energy transfer during a very short time as
compared with characteristic times of all exponential insta-
bilities ~and relaxation processes! in a system ‘‘oscillators
plus field.’’ ~The rate of the field growth is terminated by
violation of adiabaticity, i.e., by the linear coupling between
electronic and electromagnetic degrees of freedom@8–13#,
see below.! To our knowledge, this important fact has not
been studied so far, either in the general theory of oscilla-
tions and waves or in the applied electrodynamics of plasma
and electronic systems.

It should be stressed that the explosive amplification is the
linear effect in a nonsteady system, and has nothing to do
with explosive nonlinear interaction, well known in plasma
physics and electronics@7,14#. Besides, by considering only
the quasiadiabatic acceleration of the electrons~or variation
of their gyrofrequency!, we exclude the evident possibility of
the parametric amplification in the high-frequency external
field that is used in the parametric electronic and optical
generators and free-electron lasers@10,15–20#.

The influence of dc electric or inhomogeneous magnetic
fields on the interaction of electromagnetic perturbations
with the cyclotron oscillator beam was studied before,
mainly within the problem of maintaining wave-particle syn-
chronism in order to increase the efficiency of generators
@21–23#. The investigation was also made on a quasiadia-
batic evolution of the steady state of electrons in a strong
electromagnetic wave propagating along the magnetic field
and dc electric field, the latter being treated as a perturbation
@24#. In these papers, the externally driven shift of the oscil-
lator frequency was not treated self-consistently, and was
considered a minor correction factor providing the better ef-
ficiency.

In the present paper we point out the linear nonstationary
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amplification mechanism that owes its very existence to the
accelerating electric dc field. The emphasis is made on the
extremely high rate of the explosive amplification, inacces-
sible for the traditional mechanisms of the exponential am-
plification. Mathematically, the analysis of the highest ampli-
fication rate is reduced to the problem of the optimal control
of the variable parameters in a system of linear differential
equations. This problem is solved on the basis of approxi-
mate analytical solutions, which give the complete physical
picture of the phenomenon.

The paper is organized as follows. The formulation of the
basic nonstationary problem and the hydrodynamical analy-
sis of the cyclotron waves in the accelerated electron beam
are given in Sec. II. In Sec. III, the adiabatic solution is
presented, and the general restrictions on the value of effi-
ciency and the factor of field amplification are formulated.
Section IV is devoted to the case of a constant acceleration
of electrons. An exact nonadiabatic solution is derived; the
limiting rate of the explosive amplification, its delay time,
and the maximum amplification factor are found. In Sec. V,
the general quasiadiabatic solution is found. The optimal re-
gime of variable electron acceleration, minimizing the delay
time of the explosive amplification to a few periods of
plasma oscillations, is pointed out. In Sec. VI, the compari-
son with the known instabilities, first of all, the kinetic ones,
is made and the amplification of an envelope of cyclotron
waves is discussed. Some numerical estimates and the re-
quired parameters of an electron beam for the realistic con-
ditions in the laboratory and space plasmas are given in Sec.
VII. In the concluding Sec. VIII we discuss the general fea-
tures of the effect that are independent of the model of har-
monic oscillators.

II. GENERIC EXAMPLE OF THE CYCLOTRON
OSCILLATORS: THE HYDRODYNAMICAL ANALYSIS

OF X-MODE DISPERSION

As a ‘‘generating problem’’ we consider the one-
dimensional electron flow in quasistatic electric and mag-
netic fields, which is assumed for simplicity to be homoge-
neous and parallel,E0(t)iB0(t)iz0. The electron beam is also
considered homogeneous, with time-independent density,N
5 const, and the charge being compensated by a background
of heavy positive ions~with background dielectric constant
«0). Their regular motion with respect to the electron beam
is unimportant for the mechanism of explosive amplification.
Therefore, the nonelectromagnetic methods of electron ac-
celeration are allowed, e.g., by the light pressure or by the
gravitational field accelerating ions as well.

Consider the temporal evolution of the electromagnetic
field in theextraordinary mode(X mode! near the resonance
with electron gyrofrequencyvB . Suppose that electrons are
strongly magnetized and have a small dispersion of longitu-
dinal velocities, vTi , and the electron-electron (nee),
electron-ion (nei), and electron-neutral (nen) collision fre-
quencies are also small as compared with the electron plasma
frequencyvL :

kvTi1n!vL!vB , ~1!

where n5nee1nei1nen , vL54pe2N/m,, vB5eB0 /mc,
2e andm are the charge and mass of the electron, andc the
velocity of light in vacuum.

We shall restrict ourselves to the case of the longitudinal
propagation of a transverse circularly polarizedX mode~Fig.
1! with the wave vectorkiz0, the density of electron current
j (z,t)'z0, and the electric field vectorE(z,t)'z0 lying in the
(x,y) plane and rotating in the direction of electrons in an
external magnetic field:

]2E/]t22c0
2]2E/]z2524p«0

21] j /]t, ~2!

c0[c«0
21/2. Assuming thehomogeneous initial-value prob-

lem, consider the quasimonochromatic plane wave, harmonic
in space and with slowly varying complex amplitude,E(t):

E~z,t !5~1/2!E~ t !exp~2 ivt1 ikz!1 c.c. ~3!

Here k[kz5Re(k) and the resonance condition will be
used,uv2vBu!vB .

Suppose that at the initial moment of time,t50, there
existed one spatial harmonic of the eigencyclotron wave of a
beam that was excited by a coherent pumping, and this wave
consisted of a~strong! spatial harmonic of the current density
j and the corresponding~weak! harmonic of the electric field
~3!. The more general case of a wave envelope in a beam
with inhomogeneous densityN(z), in the inhomogeneous
external fieldsE0(z) andB0(z), is discussed in the end of
Sec. VI within spatiotemporal WKB approximation@25–27#.

Our aim is to prove the possibility of and to find out the
conditions for the explosive amplification of the self-
consistent amplitudes of the electric fieldE(t) and the cy-
clotron current densityJ (t), the latter being introduced as
in Eq. ~3!. It will be shown below that the effect is linear and
nonrelativistic, and can be realized only out of the cyclotron
line:

kvTi1n,ud̃ u!vB , d̃ 5v2vB2kv,

v5vz~ t !!c;c0.vB /k.v/k. ~4!

Therefore, we may use an approximate hydrodynamical de-
scription of the transverse current densityj[2eNv' of elec-
tron gyrooscillations in the beam:

FIG. 1. NonstationaryX mode in one-dimensional flow of cy-
clotron oscillators, accelerated in the parallelE0, B0 fields. An elec-
tric field vectorE in the mode is rotating in the direction of elec-
trons in an external magnetic fieldB0.
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dj /dt[] j /]t1v~ t !] j /]z5~vL
2/4p!E2vB~ t !@ j3B0 /B0#.

~5!

Neglecting the relativistic effects and the nonlinear Lorentz
force from the high-frequency magnetic field of the wave, we
may use Eq.~5! for arbitrary electron distribution over the
Landau levels, i.e., over the transverse~chaotically distrib-
uted! velocitiesu' . From Eqs.~2! and ~5! within the reso-
nance approximation~3! and ~4!, we obtain the truncated
equations for the ‘‘circular’’ combinations of the field and
current components,E5Ex2 iEy andJ5J x2 iJ y :

dE /dt2 idE522p«0
21@~vB1kv !/v#J ,

dJ /dt2 i d̃ J5~vL
2/4p!E . ~6!

Here the factor (vB1kv)/v.1, and along with the Doppler
detuning from the cyclotron resonanced̃ in Eq. ~4!, we in-
troduce the detuning from the electromagnetic resonance:

d5~v22k2c0
22vL

2«0
21!/2v.v2kc0 ;udu!vB . ~7!

In the steady state or for the instantaneous values of param-
eters, Eqs.~6! give the dispersion equation and the relation
between the field and current amplitudes in a normal wave:

E

J
52

i d̃ 4p

vL
2 [2

i2p

«0d
. ~8!

The solution of this well-known dispersion equation con-
sists of two smooth curves,

v1,2~k!5vB1kv1D̃ /26AD̃ 2/41vL
2/2«0;

D̃ [d̃ 2d5kc02kv2vB , ~9!

lying above and below the linev5vB1kv that corresponds
to the partial cyclotron wave, and the line
v5(k2c0

21vL
2/«0)

1/2.kc0 that corresponds to thepartial
electromagnetic wave, see Fig. 2. Depending on the sign of
the frequency shift between the partial electromagnetic and
cyclotron waves,D̃ (k), it can be convenient to rename the
dispersion curves~9! by tearing them at the resonance point,
kr5vB /(c02v), whereD̃ 50:

vc,em~k!5vB1kv1 d̃ c, em~k!; ~10!

d̃ c,em5~17A112vL
2/«0D̃

2!D̃ /2.

The resulting branches ofnormal cyclotron and normal
electromagnetic wavesare shifted from the frequency of the
partial cyclotron wave by the value greater than and smaller
thanvL /A2«0, respectively. Therefore, according to the ra-
tio E /J in Eq. ~8!, the normal cyclotron wavevc(k) is
mainly presented by oscillations of the cyclotron current, and
not by the electromagnetic field. On the contrary, the normal
electromagnetic wavevem(k) consists mainly of electromag-
netic field oscillations. This follows directly from the elec-
trodynamical expression for the wave energy density in the
system ‘‘beam1 field’’:

W5uE2u«0/16p1uJ 2up/2vL
2

[@2«0~ d̃ /vL!211#~p/2vL
2!uJ 2u. ~11!

It is important that in the cyclotron wavevc the electric
field amplitude is inversely proportional to the frequency
shift D̃ , and the field energy is small as compared with the
energy of phased gyrorotation of electrons if the shift is large
enough,uD̃ u.vLA2/«0:

S E
J

D
c

52
i d̃ c4p

vL
2 .

i2p

«0D̃
; ~12!

d̃ c.2
vL
2

2«0D̃
.

Hence, even at the fixed wave energyWc5 const, we can
strongly increase the field amplitudeEc with very slight
change of the current amplitudeJ c . To achieve this, one
should diminish the frequency shiftD̃ from the large initial
value, uD̃ 0u@vLA2/«0, to the value of the order of plasma
frequency,vLA2/«0, by changing the longitudinal velocity
of electronsv(t), their gyrofrequencyvB(t), or the velocity
of light in the background mediumc0(t). According to Eq.
~12!, the field amplification is of the explosive type, its rate
being determined by the rate of frequency shifting, i.e., by
the electron acceleration in our example:

dD̃ /dt52ka; ~13!

a~ t !52~e/m!E0z~ t ![dv/dt.

As shown schematically in Fig. 3, the mechanism of explo-
sive amplification is connected with the shift of nonstation-
ary dispersion branchesvc,em(k,t) with respect to the given
spatial harmonic of the field,k 5 const. Step 1 corresponds

FIG. 2. The cyclotron curvevc(k) ~thick solid line! and the
electromagnetic curvevem(k) ~thin solid line! of theX mode for the
longitudinal propagation (kiB0) in the flow of electrons with the
same longitudinal velocityv. The cyclotron line with strong wave
dissipation is hatched. Note that near the resonance the
cyclotron curve lies outside this line if uk2kr u,d r

5vL
2/2«0(c02v)(krvTi1n). The dashed line shows the limiting

growth rate.
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to the field amplification. At step 18 the field remains prac-
tically unchanged, while the cyclotron current is amplified.

III. ADIABATIC SOLUTION: EFFICIENCY AND THE
MAXIMUM FACTOR OF THE EXPLOSIVE

AMPLIFICATION

Now we turn from the qualitative considerations to the
rigorous solution of the above-formulated problem. First, we
eliminate the arbitrariness in the choice of the frequencyv in
Eqs. ~6! by redefining the complex amplitudes of electric
field Ẽ and cyclotron currentJ̃:

f

gJ 5H A«0/16p~ Ẽx2 i Ẽy!

Ap/2vL
21~J̃x2 i J̃y!

J 3expS i2E0tD̃~t!dt D ,
~14!

where the current and field amplitudes are defined using the
Doppler-shifted frequencyvB1kv:

E

j J 5
1

2
3H E~ t !

J ~ t !J 3expF2 i E
0

t

@vB~t!1kv~t!#dt1 ikzG
1c.c. ~15!

@cf. Eq. ~3!#. Equations~6! now take the dimensionless form

f 81 iq f52g, g82 iqg5 f , ~16!

where we introduce the normalized frequency shift, which is
a time-dependent function:

q~u!5D̃vL
21A«0/2; u5tvL /A2«0. ~17!

The prime denotes differentiating over the dimensionless
time u. Equation~16! provides the energy conservation@cf.
Eq. ~11!#: W5u f 2u1ug2u 5 const. For the fixed wave num-
berk, the field-to-current ratio~8! in two normal waves~9! is
determined by the frequency shiftq:

f

g
[S vLA2«0

4p D Ẽ
J̃

5
i

K1,2
, ~18!

K1,2~u!5q7Aq211.

Following Ref.@13#, the general solution of Eqs.~16! can be
expressed via new amplitudes:

f

gJ 5
F1

A11K1
2

3H 1

2 iK 1
J 1

F2

A11K2
2

3H 1

2 iK 2
J . ~19!

In the WKB approximation, only the phases of the ampli-
tudes of normal waves may vary:

F1,2~u!5F1,2~0!expS 6 i E
0

u
Aq211du8D

[F1,2~0!expS 6 i E
0

t
AD̃2/41vL

2/2«0dt D . ~20!

Consider the normal cyclotron wave, which has, by defi-
nition, uKcu5uq7Aq211u>1, i.e., either ~i! Kc5K1 for
q<0, or ~ii ! Kc5K2 for q>0. Suppose we have the second
case, and there initially exists only the cyclotron wave
@F1(0)50,F2(0)Þ0# with large positive value:
q(0)5q0@1. In this case, the slow adiabatic decrease of the
shift ~17! ~by the acceleration of electrons alongB0) leads to
the displacement along the cyclotron branch,vc5v2(k,t)
~step 1 in Fig. 3!, i.e., to the explosive amplification of the
field:

u f ~u!u5
uF2~0!u

A11K2
2

.
uF2~0!u
2q~u!

}
1

D̃~ t !
. ~21!

The amplification terminates atq;1; cf. Eq.~12!. With fur-
ther acceleration, we go smoothly through the resonance
where the shiftq(u) changes sign and becomes negative and
large. This domain corresponds to the electromagnetic
branch,v25vem, where the field amplitude cannot increase
significantly due toK2

2&1 in the solution of~19! and ~20!.
A similar situation takes place in the case~i! for the large

negative initial shift,2q0@1. The difference is that, when
starting from the initial cyclotron wave @F1(0)
Þ0,F2(0)50#, the explosive amplification is obtained dur-
ing the counter displacement along the branchvc5v1(k,t)
if the electron acceleration is directed oppositeB0 ~step 28 in
Fig. 3!.

Anyway, to obtain the explosive field amplification, the
sign of the projection of electron acceleration~or decelera-
tion! on the wave vector,ka, should coincide with the sign
of the initial frequency shift,D̃05kc02kv02vB ; see Fig. 3.
For k↑↑B0 ~codirected vectors! in Fig. 1, this amounts to
choosing~i! E0↑↑B0 for k,kr and ~ii ! E0↓↑B0 ~counterdi-
rected vectors! for k.kr . Under these conditions, the small
change in the frequency of the electromagnetic field

FIG. 3. The scheme illustrating the evolution of dispersion
curves for the longtudinal (iB0) acceleration of electrons from the
initial velocity v0 to the velocityv1 and then tov2 . Thick ~thin!
solid line is the cyclotron~electromagnetic! branch. The arrows
correspond to: (1) explosive amplification of the electric field with
J c 5 const and (2) decrease of the cyclotron current withEc 5
const, when only the cyclotron wave with frequencyvc0

(k0) is
initially present, (18) explosive amplification of the cyclotron cur-
rent withEem 5 const and (28) decrease of the electric field with
J em 5 const, when only the electromagnetic wave with frequency
vem0

(k0) is initially present.
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will be accompanied by the growth of its amplitude due to
energy transfer from the electrons located in the decelerating
phase of the field. This can be easily checked by averaging
~over the random initial phases of gyrating electrons! the
work done by the self-consistent field of a cyclotron wave:

A'[2eK E
0

t

~vxEx1vyEy!dtL
5~«0/8p!@ uẼ ~0!u22uẼ ~ t !u2#,0. ~22!

In the adiabatic approximation, the growth of theexplo-
sive amplification factor,

k[
uẼ outu

uẼ inu
5

~11Kc
2! in

1/2

~11Kc
2!out

1/2, ~23!

terminates when the vicinity of resonance is reached, where
uqoutu&1. The maximum is

km.A2uq0u5uD̃ 0uA«0/vL . ~24!

Thus, it is desirable to increase the initial shiftuD̃ 0u and to
decrease the plasma frequency, i.e., the electron density.
However, at the fixed value of acceleration, this would pro-
long the time of the amplification process. Second, with de-
creasing plasma frequency the allowable values of electron
acceleration@Eqs. ~33!, ~40!# are also decreased. Third, an
initial shift is bounded from above by the relaxation in the
cyclotron line,uD̃ 0u&vL

2@2«0(n1vBvTi /c0)#
21; see the in-

equality~4! and Fig. 2. Even in the ideal case of the absence
of electron relaxation, the resonance approximation requires
that uD̃ 0u&vB/2. Therefore, we always have

km,kD.
A«0
2 S vL

«0~n1vBvTi /c0!
1

vB

vL
D . ~25!

Besides, one can show that the nonlinear bunching of
electrons due to the magnetic field of theX mode does not
violate the conditionuẼ D̃ u.uẼ 0D̃ 0u, which we use to con-
nect the initial (05 in! and final~out! amplitudes, only if the
initial shift is small enough:

km.
uD̃ 0u
vL

!k0.
~vL/2vB!3B0

2

4pW0
. ~26!

Here we takeuD̃ outu.vL at the final timeuout and«0.1 for
simplicity, and also introduce the initial energy density of a
cyclotron wave,

W0.pU«0Ẽ 0D̃ 0

2pvL
U2; uẼ outu2

4p
. ~27!

Define the maximum efficiencyh as a ratio of the maxi-
mum energy density of the electromagnetic fieldW0/2,
reached near the resonance after the explosive amplification,
to the work required for the acceleration of electrons per unit
volume,NAi5Nm(vout

2 2v0
2)/2:

h.
W0

2NAi
5

~vB /D̃ 0!
2W0

Nmc0
2 !

«0vL
2vB

8uD̃ 0
3u

. ~28!

In the last inequality we takev050 and the minimally pos-
sible initial shift, uD̃ 0u;2vLA2/«0, which still allows for the
significant explosive amplification of the electromagnetic
field. Thus, even with nonlinear limitation~26! taken into
account in the inequality~28!, the above-defined amplifica-
tion efficiency may be much greater than unity. This does not
create confusion because the work done by the dc electric
field does not turn directly into the electromagnetic field en-
ergy. It is the initially stored energy of the coherent electron
oscillations in a cyclotron wave that is transformed into the
field energy. And, of course, the transformation factor of this
stored initial energy cannot be greater than unity.

IV. LINEAR WAVE COUPLING IN THE CASE
OF A CONSTANT ELECTRON ACCELERATION

The most interesting problem is the limiting rate of explo-
sive amplification, since it is the unexpectedly high rate of
the process that makes the effect nontrivial. To find the limits
to the adiabatic approximation~20!, i.e., the conditions for
weak linear transformation of the normal waves~9!, we can
treat Eqs.~19! as the introduction of new variables, and write
down the coupled equations for these complex amplitudes of
the normal waves@13#:

F181 iAq211F15
q8F2

2~q211!
,

F282 iAq211F252
q8F1

2~q211!
. ~29!

It is clear that the transformationF1↔F2 , which terminates
the explosive amplification of the field, increases with grow-
ing value of the derivativeq8[«0vL

22dD̃ /dt52«0vL
22ka,

and becomes most important near the resonance, where
uqu;1. Therefore, we should analyze the transition from the
domainuq inu@1 to the domainuqoutu!1.

The solutions to Eqs.~29! are expressed via the Weber
functions@12# in the case of a constant electron acceleration
~13!, E0 5 const, whenq(u)5(u2uout)q8. The resulting
transformation factorQ of the normal cyclotron wave to the
normal electromagnetic one~10!,

Q[
uFem

outu2

uFc
inu2

5
uFem

outu2

uFem
outu21uFc

outu2
, ~30!

is shown in Fig. 4 foruqinu→`, uqoutu→0. The adiabatic
approximation fails atuq8u.2:

Q.S q8

4 D 2!1 for uq8u!2,

Q.
1

2
2S p

8uq8u D
1/2

for uq8u@2. ~31!

For largeuq8u the explosive amplification is practically ab-
sent. The same result can be obtained, according to Refs.
@8,9#, from the solution to Eqs.~29! in the case of not only
2qin→7`, but alsoqout→7`, when we go through the
resonance along the electromagnetic wave curve; see Fig. 3.
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In this case it is useful to express the solution as a transfor-
mation factor from one of the dispersion curves~9!,
v1,2(k,t), to another:

Q2→15uF1
outu2/uF2

inu25exp~2p/uq8u!. ~32!

Thus, the results of Sec. III are valid only until the elec-
tron acceleration is less than

acr.
2vL

2

«0k
.
2c0vL

2

«0vB
. ~33!

This critical value corresponds toQ.1/4. For the time-
variable acceleration the requirement takes the form
ua(t)u,acr . If the inequality is violated, i.e.,uq8u.2 ~but
uq8u,2q0

2), the adiabatic explosive solution~21! is valid
only far enough from the resonance, where the frequency
shift is larger than the critical value,

uD̃ au.ukau1/2.uvBa/c0u1/2,

uD̃ au@2vL«0
21/2. ~34!

For lower shifts,uD̃ u!uD̃ au, the field growth is terminated
because a too high acceleration quickly brings the electrons
out of the decelerating phase of the electromagnetic field.

Combining these results with the expressions~21! and
~24!, we obtain the maximum amplification factor,kd@1,
and the minimal shift,uD̃ du!uD̃ 0u, which correspond to the
saturation of the field growth for a given constant accelera-
tion ~or deceleration! a:

kd.
D̃ 0

D̃ d

, uD̃ du.S vBuau
c01vL

2/«0
D 1/2. ~35!

In addition to the limitations~25! and ~26!, it is clear that
alwayskd!(B0 /E0A«0)

1/2.
It is convenient to introduce the delay timetd , character-

izing the growth of the field from the small initial value,
uẼ 0u.2puJ̃ 0u/«0uD̃ 0u, to the maximum value,
uẼ du5kduẼ 0u:

td.
D̃ 0

ka
.Uc0D̃ 0

vBa
U@uD̃ 0

21u. ~36!

The last inequality excludes too high electron acceleration,
which forbids the explosive amplification effect from the
very beginning, for the given initial frequency shiftD̃ 0 .

The characteristic timeof the explosive amplification pro-
cess near the saturation level can be defined by the equality
2uẼ (td2t)u5uẼ (td)u, which gives the value

t.td /kd.D̃ d /ka*uD̃ d
21u. ~37!

The optimal amplification regime is evidently reached for
the acceleration equal to the critical value~33!. It corre-
sponds to the minimal characteristic time~37! of the order of
the period of plasma oscillations,t(acr);A«0/vL . It does
not make sense to shorten this time by choosinga@acr ,
since it gives the explosive factor~35! much smaller than the
limiting value ~24!: kd!km . Note also that in the casea 5
const one can achieve a large explosive factor,kd@1, only if
the durationtd.kdt of the preliminary stage of the process
greatly exceeds the period of plasma oscillations. This is an
undesirable feature because of the existence of competing
relaxation processes and wave instabilities. As will be shown
in the next section, the delay time can be reduced by increas-
ing the electron acceleration at the preliminary stage of the
amplification and keeping the valuea;acr at the final stage.

V. TIME-VARIABLE ELECTRON ACCELERATION AND
THE IMPROVED QUASIADIABATIC SOLUTION

In this section we study the possibility to reduce the delay
time by employing time-variable and high enough accelera-
tion, ua(t)u*acr . The acceleration does not change sign dur-
ing the amplification process, while the shift~17! q(u) in
Eqs.~16! and~29! changes monotonously from a large value,
uq0u@1 at t50, to a small value,uqdu&1 at somet5td .
Starting again from one normal cyclotron wave, we have to
find the evolution of the ratio of the electric field to the
cyclotron current,H5 i f /g. It obeys the equation of the Ric-
cati type:

H85 i ~H2Hc!~H11/Hc!,

Hc[~ i f /g!c5q~12A11q22!, ~38!

whereHc is the adiabatic value ofH in a normal cyclotron
wave, defined by Eq.~18!.

We are interested in the quasiadiabatic solution to Eq.
~38! with small deviation fromHc . Therefore, we may put
approximatelyH.Hc in the last multiplier in the right-hand
side of Eq.~38! and obtain immediately the general solution
for an arbitrary functionq5q(u):

H2Hc.2expS 22i E
0

u

qA11q22du D
3E

0

u

Hc8expS 2i E
0

u8
qA11q22du9D du8.

~39!

FIG. 4. The transformation factorQ @Eq. ~30!# of the normal
cyclotron wave to the normal electromagnetic wave as a function of
A8/uq8u5A8c0vL

2/«0vBuau, for a 5 const. Initially there exists
one normal cyclotron wave far from the resonance
(uD̃ 0u@vLA2/«0).
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Here we do not consider the discontinuity of the function
Hc(q) at the resonance pointq50, and assume thatq(u) is
of fixed sign@q(u),0 orq(u).0#. It suffices for describing
the main features of the explosive amplification.

Integration by parts shows that the correction~39! is neg-
ligible as compared withHc if uq8u!2(q211), i.e., for any
functiona(t) that is smooth enough and satisfies the inequal-
ity

uka~ t !u!uD̃~ t !u212vL
2/«0 . ~40!

Thus, we obtain the minimally possible delay time if for
each instantaneous value of frequency shift,
uD̃(t)u*vLA2/«0, we choose the acceleration equal to the
corresponding instantaneous critical valueaopt(t); cf. Eq.
~33! for uD̃(td)u&vLA2/«0. This optimal choice of the elec-
tron acceleration can be described qualitatively by the model
relation

mq852~q211! sgn~q0!, ~41a!

that is,

mka~ t !5S 12uD̃~ t !u21
vL
2

«0
D sgn~D̃0!. ~41b!

Here the model parameterm*1, so that close to the reso-
nance we haveua(td)u.acr . For m51/2, we obtain the re-
sult ~34! that denotes the limit for the adiabatic approxima-
tion.

The exact solution to Eq.~41a!, with the initial condition
at zero timeq(0)5q0 , is

q5tan@arctan~q0!2u/m#, ~42a!

or, in terms of the real time andthe optimal acceleration,

kaopt~ t !5
vL
2

«0mcos
2@arctan~D̃0vL

21A«0/2!2vLt/mA2«0#
.

~42b!

It shows that, contrary to the case of a constant acceleration
~36!, the delay time for the optimal variant,

td;mt~acr!;mA«0/vL , m*1, ~43!

can be reduced to the several~of orderm) periods of plasma
oscillations, while the amplification factor is remained to be
maximally possible, of the order of~24!. Note that the opti-
mal acceleration~42b! decreases from the large initial value
to the critical value~33!.

In the optimal variant~42a!, the Riccati equation~38!
cannot be solved analytically even foruqu@1, when uD̃u
}(const2t)21 anda opt}(const2t)22. The numerical solu-
tion is presented in Fig. 5 along with the quasiadiabatic so-
lution ~39!, for the casem50.5. The difference between
curvesuH(u)u and uHc(u)u becomes smaller with increasing
parameterm. These curves demonstrate that the coherent
cyclotron oscillations of gyrating electrons can be nearly
completely transformed into the resonant electromagnetic
field as a result of explosive amplification.

In general, one can vary the value of acceleration more
slowly: Gq8522(q211)3/2sgn(q0), whereG*1. In this
case the difference from the adiabatic solution is bounded by
a small model parameterG21, since, according to the exact
solution of Eqs.~29!, the transformation factor~30! of the
cyclotron wave into the electromagnetic one is much less
than unity:

Qout5~G211!21sin2$AG211@arctan~qout!

2arctan~q0!#/2%. ~44!

Of course, the above conclusion is valid if the function
q(u) does not change sign and, therefore, the discontinuity
of the dispersion branchesvc,em(k) does not matter.

For large shifts,uqu*2, the functionqout5q(u) in Eq.
~44! takes the following form:

uqu.~q0
2224G21u!21/2, ~45a!

i.e.,

uka~ t !u.
2vL

2

«0G
S 2vL

2

«0D̃ 0
2

2
4vLt

GA2«0
D 23/2

*ukacru. ~45b!

Evidently, even this rather smooth variation of electron ac-
celeration shortens the delay time of explosive amplification
up to several~of orderG) periods of plasma oscillations,
providing at the same time the highest possible amplification
factor ~24!. Note that both in optimal~42b! and in slower
~45a! and ~45b! regimes, the acceleration of electrons~13!
decreases from large initial values, correspondingly,
a(0).D̃ 0

2/@2mksgn(D̃ 0)# and a(0).D̃ 0
3A2«0/(2GkvL), to

the critical value~33!, a(td).2vL
2/@«0k sgn(D̃ 0)#. The tem-

poral dependence of this decrease is of hyperbolic type, i.e.,
opposite to the explosive growth of the field.

FIG. 5. Explosive amplification of a normalized electric field
amplitudeH5 i f /g @see Eqs.~14!–~17!# for the optimal electron
acceleration~41!, and the corresponding frequency shiftq(u) ~dot-
dashed line!: solid line is the absolute value of the solution to the
Riccati equation~38!, uH(u)u; dashed line is the absolute value of
the adiabatic solution,uHc(u)u. The solutions are plotted for the
value of m50.5 and for the initial conditionsq(0)5q0510,
H(0)5Hc(0) corresponding to one normal cyclotron wave.
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Now we can define more precisely than in Eq.~4! the
condition for the electron collisions and collisionless~ki-
netic! relaxation to be negligible in the optimal variant~42b!:

~kvTi1n!td&1, ~46a!

or

vTi

c
1

n

vBA«0
&

vL

«0vB
. ~46b!

This restriction is 2km times weaker than the first inequality
in Eq. ~4! that was used, e.g., in Eq.~25!. According to the
inequalities~46a! and ~46b! if we violate the first inequality
in Eq. ~4!, i.e., start with the harmonic electron oscillations
placed inside the cyclotron line~see Fig. 2!, the explosive
amplification still takes place. However, in fact it will be less
pronounced, leading to the lower value of the amplification
factor kD @see Eq.~25!# since the field growth will be sup-
pressed until the frequency of the normal cyclotron wave
shifts out of the cyclotron line.

VI. RESTRICTIONS ON THE EXPLOSIVE
AMPLIFICATION RATE FROM THE INSTABILITY
PROCESSES AND SPATIAL INHOMOGENEITY

In addition to the electron relaxation processes, the explo-
sive amplification phenomenon can be affected by various
~kinetic! instabilities, well pronounced in the monoenergetic
~helical! electron flow@4–7,28–32#. For the estimations, we
will neglect the nonadiabatic effects, substituting the instan-
taneous ~nonrelativistic! values of electron longitudinal
(iB0) velocity v and transverse~rms! velocity u' into the
known expressions for the instability growth rates. This is
possible, at least, for theX mode, since its dynamics is al-
most adiabatic in the regime of efficient explosive amplifi-
cation. We also put«051 for simplicity.

The maximum growth rates,gm , of the most important
maser~relativistic! and magnetic~cyclotron! instabilities are
reached atu' /c*vL /vB for the wave numbers far from the
resonance condition~see Fig. 2! @7,30#:

gm.vLu' /cA2; u'!c. ~47!

For the resonant wave numbers, these instabilities partially
cancel each other, lowering the total growth rate of a normal
cyclotron wave~10! @4,7#. For the small transverse veloci-
ties,u' /c!vL /vB , the growth rate is also lower than~47!
due to collective electron effects. Thus, the rise time of the
above instabilities is at leastc/4u' times longer than the
period of plasma oscillations. Therefore, with the optimal
choice of the acceleration regime, these instabilities cannot
compete with the explosive amplification process, because
the latter develops much faster: its characteristic time~37! is
t!gm

21 . This is true even for the constant acceleration, if
the latter is strong enough:u'vL

2/vB!uau&acr . For the ar-
bitrary constant acceleration, the explosive amplification
dominates providedtd5kdt&gm

21 . This inequality places
the restriction on the maximum amplification factor~35!:

kd5
uD̃0u
vL

&
uauvB

vL
2u'

, uau&acr ,

kd5U D̃ 0
2c

vBa
U1/2& c

u'
U4aacrU

1/2

, uau*acr . ~48!

For the critical acceleration~33!, the amplification factor
cannot be much larger thanc/u' .

The above restriction is valid in the case of a nonzero
dispersion of longitudinal electron velocitiesvTi , because
this dispersion does not affect significantly the maser insta-
bility, though it suppresses the cyclotron instability for
vTi /u'*(u' /c)5/2(vL /vBA2)1/2. The dispersion of trans-
verse electron velocities suppresses the maser instability,
while the explosive amplification does not depend on the
transverse velocity distribution. The cyclotron instability in
this case takes the form of the Weibel instability@30–32# that
has the growth rate not exceeding the value~47! and also
cannot affect the explosive amplification.

If the electron beam has a nonzero velocityv i with re-
spect to ions, the Buneman instability of longitudinal plasma
waves may develop@7,32#. The maximum growth rate of the
instability is reached for the plasma wave numbers
ki;vL /v i and is equal to

g i.
A3
21/3S m

2M D 1/3vL , ~49!

whereM is ion mass. Due to the presence of a small param-
eter, (m/2M )1/3, in Eq. ~49! @cf. Eq. ~47!#, the Buneman
instability also cannot compete with the explosive amplifica-
tion.

Now we turn to the restriction on the width of the tempo-
ral, Dv, and spatial,Dk, spectrum ofa cyclotron wave en-
velope. This would allow one to consider the explosive am-
plification of field in the nonstationary~with the temporal
scaleT5uD̃ u/udD̃ /dtu) and inhomogeneous~with the spatial
scaleL) electron beam and external quasistatic fields,E0 and
B0. The frequency bandwidthDv of a well-defined envelope
evidently cannot be less than 1/T, but at the same time
should not exceed the frequency interval of cyclotron waves
~10!, where their amplification factor is approximately con-
stant (k.uD̃ uA«0/vL):

1

td
&
1

T
&Dv&

vL
3

~2«0!
3/2D̃ 2

!ud̃ cu. ~50!

Let us estimate the valueDk, i.e., the allowable longitu-
dinal spread of an envelope, 1/Dk. Consider the most inter-
esting case, when the average velocity of an electron beam,
vb , is less than the typical group velocity of cyclotron
waves,vc[]vc /]k, along the magnetic field:

vb.
1

2 S v01 D̃ 0

k D &vc.vb1
c0vL

2

2«0D̃
2

&c0/2. ~51!

Then the propagation path of a beam,l b5tdvb , does not
exceed that of a wave envelope,l c5tdvc , during the delay
time td :
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l b& l c.
tdc0vL

2

2«0D̃ 0
2

55
c0
2vL

2

2«0vBuD̃ 0au
, a5const

mc0vL

2A«0D̃ 0
2
, a5a opt~ t !.

~52!

The explosive amplification process now depends on the fi-
nite scales of inhomogeneity of a beam and external fields,
L, and of an envelope, 1/Dk, but this dependence does not
eliminate the phenomenon itself. The analysis can be carried
out by means ofspatiotemporal geometric optics@25–27#, if
the following inequalities are satisfied:

1

l c
&
1

L
&Dk&

vL

2pc
. ~53!

They are consistent with the inequalities~50! due to the
relation Dv;vcDk. The last inequality in~53! takes into
account the characteristic~plasma! dispersion scale of two
curves~9! of theX-mode~Fig. 2!. It allows one to introduce
correctly the spectral notion of a cyclotron wave envelope.
Such a quasimonochromatic wave envelope is well defined
both in space-time (z,t), where its ray path is defined by the
group velocity]v1,2/]k, and in phase space (k,v), where it
can be described by a point moving along the local disper-
sion curve. As a result, the inhomogeneous and nonstationary
problem is reduced to the purely nonstationary problem. The
latter has been already solved for the homogeneous and
boundless plane wave. We can use the obtained results after
the substitution of local parameters of electron beam and
external fields along the ray path of a wave envelope.

Thus, the decrease~13! of a local frequency shift,
D̃ (z,t), along the envelope pathz5zc(t), necessary for the
explosive amplification, and the corresponding sufficiently
strong ‘‘acceleration,’’a(t)52k21dD̃ „zc(t),t…/dt, can be
provided not only by time variability, but also by inhomoge-
neity of external conditions@e.g., of the magnetic field
B0(z)#. This provides an additional opportunity for the opti-
mal control of the amplification process. The schematic ex-
amples are presented and explained in Fig. 6, where a pos-
sible drift of wave numbers is taken into account along with
a frequency drift shown earlier in Fig. 3.

It is relevant here to point out the relation of the above
nonstationary problem with the well-known problem on the
escape of theX mode from a steady-state magnetized plasma
@33–36#. Both problems deal with the transformation of a
partial cyclotron wave into a partial electromagnetic wave.
Due to the stationary formulation of the problem, the explo-
sive amplification effect was not revealed there. Of course,
the effect of explosive amplification also cannot provide the
penetration of a wave envelope through the cyclotron reso-
nance.

VII. ESTIMATIONS AND LIMITS FOR THE REALISTIC
CONDITIONS

In this section we give the numerical estimates of explo-
sive amplification parameters, assuming«051, small initial
longitudinal velocity of a beam,uv0u!c0uD̃ 0u/vB , and trans-
verse ~rms! electron velocity less than or of the order of

u'&1025c. Consider two typical values of dc electric field,
E0851022E0

cr and E095E0
cr, corresponding to the accelera-

tions a851022acr anda95acr . According to Eqs.~48! and
~33!, these values provide large enough amplification factors,
k85102 andk95104, with corresponding initial frequency
shifts uD̃ 08u5102vL and uD̃ 09u5A33104vL . The critical ac-
celerating field is defined by

E0
cr[

macr
e

5
8pNmc2

«0
3/2B0

.
231025N

B0
, ~54!

and all estimations are given in cgs units.
The initial energy densityW0 of a cyclotron wave is as-

sumed to be small enough,

W0.
k2uẼ 0u2

4p
;

~vL/2vB!3B0
2

4pk
&

B0
2

4p~8k2!2
, ~55!

FIG. 6. Variants of the adiabatic displacement of a wave enve-
lope along the variable cyclotron~thick line! and electromagnetic
~thin line! dispersion branches of theX mode in the electron flow
moving along the inhomogeneous magnetic field with a constant
velocity ṽ ~cf. Fig. 3!. The cases~a! and ~b! correspond to the
magnetic field increasing and decreasing along the path of an enve-
lope. Steps 1 correspond to explosive amplification of electromag-
netic field in the envelope of the cyclotron waves. At the steps 2 the
envelopes are transformed into that of the electromagnetic waves
with nearly constant electromagnetic field.
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according to Eq.~26!. Choose the plasma frequency to have
the highest possible value,

vL8
,9.vB/2k8,9, i.e., N8,9.23104~B0 /k8,9!2, ~56!

in order to satisfy the first inequality in Eq.~4! with
d̃ c.2vL

2/(2«0D̃ 0);vL /k, and also to obtain the maximum
final field amplitude,uẼ outu;B0/30k

2, in accordance with
Eqs.~27! and~55!. Such an amplitude is reached close to the
cyclotron resonance,uD̃ out(td)u&vL , after the delay time

td;c/2a ~namely, td85100k8/2vL8 and td85A3k9/2vL8),
when the electron beam achieves a moderately relativistic
velocity vd5c0uD̃ 0u/vB;c/2 and propagates the distance
l b;c2/4a of the order of the propagation path~52!,
l c.tdvc , of a wave envelope.

The above delay times are in both cases~56! of the order
of one thousand periods of plasma oscillations. Note that for
the parameters~56!, the value~54! of E0

cr is B0/2k2 and the
critical acceleraton~33! is acr.cvB/2k2. Therefore, the
value of a8 unexpectedly turns out to be 100 times larger
than a9. Note also that for the explosive amplification
mechanism the accelerating dc electric field can be replaced
by the time-variable gyrofrequency

a↔c0vB
21dvB /dt, i.e., E0↔vB

21dB0 /dt. ~57!

This ‘‘time variability’’ may be also due to the inhomogene-
ity of a steady magnetic field along the beam propagation
path. In this case the ‘‘acceleration’’a is determined by the
local inhomogeneity scale of a magnetic field,LB , and by
the variable wave velocityvc :

LB[B0udB0 /dzu215vcc0 /a. ~58!

Now we list the numerical estimations in two cases~56!
for the magnetic fieldB05105G, attainable in laboratory
plasma and typical for astrophysical situations, with maxi-
mum initial shift uD̃ 08

,9u;vB/2.1012s21 and the wavelength
l52pc/vB.0.1 cm. ForE08.531027B0515 V cm21 we
have

vTi8 &331025c, N85231010 cm23,

~59!

W085uẼ outu2/4p;0.1 erg cm23,

vL8.1010 s21, td8;0.5 ms, l b8;40 m.

For E09.531029B050.15 V cm21 we obtain

vTi9 &331029c, N9523106 cm23,

~60!

W095uẼ outu2/4p;1029 erg cm23,

vL9.108 s21, td9;90 ms, l b9;7 km.

Thus, the conditions for the explosive amplification seem
to be quite attainable. Moreover, we can relax the restrictions

imposed on the dispersion of the longitudinal electron veloc-
ity vTi , and reduce the delay time,td.uD̃ 0uc0 /(vBa), the
final velocity, vd.c0uD̃ 0u/vB , and the length of a beam,
l b5tdvd/2, at the expense of the amplification factor,
k.uD̃ 0u/vL .

VIII. CONCLUSIONS

In conclusion, we have proved the possibility of the ex-
plosive amplification of a coherent electromagnetic field at
the expense of the wave energy of phased~coherent! cyclo-
tron oscillations of electrons, accelerated along the external
magnetic field. The amplification develops due to the rapid
quasiadiabatic change of the ratio of electron to field energy
in a self-consistent cyclotron wave close to the cyclotron
resonance, when the~Doppler-shifted! electron gyrofre-
quency is tuned to the partial frequency of the electromag-
netic wave. Due to the energy conservation, the amplification
of a field amplitude is accompanied by the decreasing of an
amplitude of a coherent transverse current. In this aspect, the
proposed nonstationary mechanism of the explosive amplifi-
cation principally differs from the known mechanism of the
exponential amplification in, e.g., maser or cyclotron insta-
bility, when the field and current amplitudes are growing
simultaneously, at the expense of initial energy of incoherent
oscillations in a system of nonlinear oscillators.

Note also that the proposed mechanism of field amplifi-
cation does not require the existence of any other wave
~waveguide or resonator eigenmode, the normal wave of a
background plasma, etc.@1,37#! that would be in resonance
with the preliminary excited cyclotron wave of a beam. In
our case, it is the electric field of the initial cyclotron wave of
a beam that is efficiently amplified. Therefore, the situation
is different from that usually discussed in electronics, in
which the transfer of energy of electron oscillations to the
electromagnetic field energy occurs as a result of interaction
between the normal wave of a beam and some other electro-
magnetic mode.

It is evident that the explosive amplification effect is com-
mon for an ensemble of arbitrary harmonic oscillators, not
only of the cyclotron ones. The required shift of the oscilla-
tor frequency with respect to the frequency of electromag-
netic wave can be related not only with the Doppler effect in
accelerating fields, but also with other external forces that
directly change the frequency of motionless oscillators, like
in Zeeman or Stark effects. For the applications, it is impor-
tant that, due to the resonant nature of the phenomenon, the
strong amplification originates from a very small shift of the
oscillation frequency. Moreover, we have shown that the re-
quired frequency shift can be carried out so rapidly that the
explosive amplification rate greatly exceeds the rates of the
known mechanisms of the field amplification. This can lead
to new physical effects that have not been widely discussed
before.

At the same time, it should be emphasized that the explo-
sive amplification can be most effectively employed only at
the final stage of the generation of a high-intensity electro-
magnetic field, when the coherent wave of phased electron
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oscillations is already prepared by a preliminary pumping.
Then the ‘‘explosive’’ mechanism provides an extremely
quick and efficient transfer of energy of these oscillations to
the energy of coherent electromagnetic field which can freely
escape from an ensemble of active oscillators shifted out of
the resonance.

We hope that the obtained results may have both labora-
tory applications in the physics of magnetized electron
beams, and astrophysical applications in the theory of non-
steady processes in magnetospheres, jets and accretion disks
of degenerate stars and black holes.
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